Nanostructured multiphase p--type lead chalcogenides have shown the highest efficiencies amongst thermoelectric materials. However, their electronic transport properties have been described assuming homogenous distribution of dopants between phases. Here, we have analyzed elemental distributions in precipitates and matrices of nanostructured multiphase quaternary Pb chalcogenides doped to levels below and above the solubility limit of the matrix, using three--dimensional atom probe tomography. We demonstrate that partitioning of sodium and selenium occur between the matrix and secondary phase in both lightly-- and heavily--doped compounds and that the concentrations of sodium and selenium in precipitates are higher than those in the matrices. This can contribute to the transport properties of such multiphase compounds The sodium concentration reached ~3 at.% in sulfur--rich (PbS) precipitates and no nano precipitates of Na--rich phases were observed within either phase, a result that is supported by high resolution TEM analysis, indicating that the solubility limit of sodium in PbS is much higher than previously thought. However, non--equilibrium segregation of sodium is identified at the precipitates/matrix interfaces. These findings can lead to further advances in designing and characterizing multiphase thermoelectric materials.
Introduction
Bulk lead--chalcogenides provide the highest thermoelectric efficiencies amongst mid--range temperature (600--900 K) thermoelectric materials [1--5] . Intrinsic semiconducting lead chalcogenides can be tuned to either n--type or p--type to charge carrier concentrations of 10 18 to 10 19 cm --3 due to excess lead or chalcogen atoms respectively, where point defects act as donor or acceptor [6, 7] . However, some applications require carrier concentrations ranging from 10 19 to 10 21 cm --3 [8, 9] . This is achieved by substituting some of the atoms with dopant elements of different valance [7] . Sodium is the most viable p--type dopant [1, 2, 10, 11] for Pb chalcogenides, though its solubility has been shown to be limited [12, 13] . Sodium doping results in considerably higher thermoelectric performance of p--type multiphase compounds when the alloys are doped at concentrations greater than the solubility limit of the matrix [2, 5, 11, 14] . We have attributed the high thermoelectric performance (zT ~ 2) observed in heavily doped p--type quaternary Pb chalcogenides to heterogeneous distribution of sodium between the matrix and precipitates, with an enhanced contribution from modulation doping at elevated temperatures [5] . Dopant partitioning between PbTe--rich matrix and PbS--rich precipitates was identified in heavily--doped multiphase Pb--chalcogenides by energy dispersive X--ray spectroscopy analysis (EDS) in the transmission electron microscope (TEM) [5, 15, 16] . However, due to its limited sensitivity, this technique is unable to provide compositional information about dopant distribution in lightly--doped compounds. In the current study, we have employed three--dimensional (3D) atom--probe tomography (APT) to provide high sensitivity measurements of matrix and precipitate compositions, and to determine the spatial distribution of sodium both between and within individual phases in multiphase quaternary Pb chalcogenides at dopant concentrations below and above the solubility limit of the matrix.
We have explored a multi--phase nanostructured quaternary (PbTe)0.65(PbS)0.25(PbSe)0.1 compound at sodium concentrations of 0.5 and 1.5 at.% (Pb(1--x)NaxTe0.65S0.25Se0.1, x= 0.01, 0.03).
Both compounds contain PbS--rich precipitates within a PbTe--rich matrix. The heavily--doped compound provides zT values of ~2 at 800K and the lightly--doped compound delivers a maximum zT of ~1 at 650 K. We demonstrate that partitioning of sodium occurs between the matrix and the secondary phase in both lightly--and heavily--doped materials, with higher sodium levels found in the sulfur--rich secondary phase. Selenium is also enriched in these precipitates relative to the matrix. Sodium is found to segregate strongly to the matrix/secondary phase interfaces. APT confirmed our high--resolution TEM analysis in that no nanoprecipitates of Na--rich phases were observed within phases.
Material and methods

Sample Fabrication:
Polycrystalline samples of PbS and PbSe were prepared by mixing high purity Pb (99.999%), Se (99.999%), and dried S (99.9%) in vacuum--sealed quartz ampoules.
These were reacted at 1373 K to produce high purity PbS and PbSe. The final polycrystalline Pb(1--x)NaxTe0.65S0.25Se0.1 (x = 0.01 and 0.03) samples were synthesized by mixing stoichiometric quantities of high purity PbS, PbSe, Pb, Te and Na. This mixture was sealed in carbon--coated quartz tubes under vacuum and then reacted at 1373 K for 10 hours. The samples were quenched in cold water, followed by annealing at 823 K for 72 hours. The resulting ingots were hand--ground to powder in an agate mortar and pestle and sintered into 12 mm diameter disk--shaped pellets using spark plasma sintering (SPS) at 773 K and an axial pressure of 40 MPa for half an hour under vacuum.
Thermoelectric properties measurements: Electrical conductivity and Seebeck coefficients
were measured using a Linseis LSR--3 instrument. The thermal conductivity (κ) was calculated from κ = ρDTCp. The laser flash method (Linseis LFA 1000) was used to measure the thermal diffusivity (DT), the density (ρ) was calculated using the measured weight and dimensions. The specific heat capacity (Cp), was estimated by Cp(kB per atom) = 3.07 + 4.7 × 10 −4 × (T(/K) − 300) [17] . The Hall coefficient (RH) was measured using the van de Pauw method [18] .
Materials characterization:
The crystallographic structure of samples was characterized by X--ray diffraction (XRD) using a GBC Scientific X--Ray diffractometer with Cu Kα radiation (λ = 1.544 Å, 40 kV, 30 mA). The sintered samples were characterized using a JEOL JEM--ARM200F aberration corrected scanning transmission electron microscope (STEM) operating at 200kV. TEM samples were prepared by cutting 3 mm diameter discs from wafers using a Leica TXP polisher, followed by grinding and polishing to 100 μm in thickness following by dimpling and Ar--ion milling to electron transparency using a Gatan PIPS.
Atom Probe Tomography:
The APT samples were prepared by the in--situ site--specific lift--out method [19] using focused ion beam (FIB) milling on a Zeiss Auriga instrument. The Mo TEM grid (Ted Pella) used as the substrate to hold the lift--out samples. The lift--out APT samples were sharpened to less than 100 nm in diameter at 5kV and 25 pA. The APT analyses were conducted using a local--electrode atom probe (LEAP) on a Cameca LEAP--4000X Si, equipped with a picosecond ultraviolet (UV) laser (wavelength = 355 nm) with a spot size of 2 μm. The detection efficiency is 50%. The APT experiment was carried out at 25 K, with a laser energy of 5 pJ, a pulse rate of 160 kHz and a target evaporation rate of 1 ion per 100 pulses. The APT data was analyzed using IVAS 3.6.6 TM software. The point--by--point algorithm for characterization of the composition modulation operates in a virtual desktop run by Massive Launcher [20] .
Results and discussion
Figure 1(a) shows the XRD patterns for both the lightly--and heavily--doped quaternary (PbTe)0.65(PbS)0.25(PbSe)0.1 compounds. Alloying PbS with the single phase ternary system of (PbTe)0.9(PbSe)0.1, beyond its solubility limit results in the formation of PbS--rich precipitates within the PbTe--rich matrix with both phases exhibiting a NaCl--type face centred cubic (FCC) crystal structure [21] . 
Dopant partitioning and segregation
Five sets of atom probe data were acquired for each sample to obtain statistically valid information for both the PbS--rich precipitates and PbTe--rich matrix. Some atom probe specimens contained both phases while the others contained only the matrix or precipitate. Figure 2 
(a)
shows an example of a matrix (PbTe--rich)/precipitate (PbS--rich) interface in the lightly doped sample (x = 0.01). The sodium, sulfur, selenium and tellurium atom projections through a ~600 nm thick slice are shown, extracted from the total reconstructed volume of 100 million atoms.
Detailed chemical analyses of the precipitate and matrix were performed using a proximity histogram, calculated based on an iso--concentration surface of 25.5% S (not shown). This iso--surface defines the precipitate--matrix interface, and the proximity histogram shows the average composition moving away from this surface (perpendicularly) throughout the dataset. The proximity histogram of sodium across at the precipitate/matrix interface (Figure 2(b) ) shows a peak in sodium concentration (~ 1.2 at%) at the interface between the two phases. Away from the interfaces, the sodium concentration rapidly falls to much lower constant values of 0.2 at.% in the matrix and ~0.6 at.% in the precipitate. This indicates that sodium partitioning to the sulfur--rich precipitates occurs even in the samples with sodium concentrations below the solubility limit of the matrix (lightly--doped sample, x = 0.01). The interfacial concentration of sodium was 1.2 at.% and 4.5 at.% for the lightly--and heavily--doped samples respectively. Segregation of dopants to grain boundaries [22] and interfaces [2, 23] has been reported for thermoelectric materials often. Solute atoms in a crystalline structure segregate to grain boundaries, secondary phase interfaces and lattice imperfections including dislocations and stacking faults, in order to minimize the overall free energy of the system [24] .
For both lightly--and heavily--doped samples, we have quantified the sodium segregation at the matrix/secondary interface by calculating the Gibbsian interfacial excess [25, 26] . We also analyzed the extent of segregation to the grain boundaries within the PbTe--rich matrix for the heavily doped sample (see Supporting Information). The compositions of two adjacent regions are assumed to be constant up to the interface that has no volume. Therefore, the excess atoms represent the excess number of solute atoms per unit area of the interface. This value is corrected for the detection efficiency (50%) because the calculation assumes an ideal detection efficiency for the single--ion detector [26] . The measured Na excesses at the interfaces for the various samples are shown in Table I . There are large differences between the excess sodium measured at the interface of samples with different nominal Na concentrations and grain boundary. These significant excess sodium atoms suggest non--equilibrium segregation of sodium for these compounds. Equilibrium segregation is driven by lowering the interfacial free energy of the boundary when solute atoms are present. It is reversible and its magnitude decreases with increasing temperature. Non--equilibrium segregation of solute atoms is driven by the movement of vacancy atom complexes and/or dislocations to the interfaces and its extent increases with temperature due to an increase in the available vacancy concentration. The vacancies and dislocations are introduced to the solid by annealing at high temperatures, sintering or by deformation [27, 28] . Non--equilibrium segregation of sodium to PbS/PbTe interfaces has been also observed in a ternary PbTe--PbS system [23] and was correlated with fast cooling of the sample from the liquid state (over 3 hours). Isothermal annealing was recommended to attain equilibrium. Here, we observe non--equilibrium segregation of sodium in samples which have been annealed at 823K for three days [29] . Although homogenization of compounds with non--equilibrium segregation of solute atoms is possible by suitable aging, the usual fabrication methods for thermoelectric materials (quenching, high temperature annealing and sintering) and the techniques used to measure the transport properties (continuous heating and cooling of samples) promote non--equilibrium segregation. Additionally, significant efforts have been made to introduce defects such as dislocations [30] , grain boundaries [31] and precipitates [2, 32, 33] to thermoelectric materials to increase phonon scattering and consequently reduce the lattice thermal conductivity. Therefore, it is impossible to avoid non--equilibrium segregation in polycrystalline thermoelectric materials.
Non--equilibrium segregation of sodium in multiphase Pb chalcogenides has attracted considerable attention due to the significant improvement achieved in thermoelectric performance of sodium--doped multiphase compounds at concentrations higher than the solubility limit of the matrix [2, 5, 11, 14, 33] and the low diffusion coefficient of Na in the PbTe matrix below 600 K [15, 34] .
The excess sodium concentration measured at the interface of the matrix/precipitate is much higher than that at the grain boundary ( Table I) . Partitioning of Na between the matrix and precipitates for both lightly-- and heavily--doped compounds is confirmed (Figure 2(a) ) and it is known that partitioning of solute elements between the phases encourages the non--equilibrium segregation of solute atoms to interfaces [35] . Given that the magnitude of non--equilibrium segregation is known to increase with temperature [28] , it seems reasonable to assume that this applies in the case of sodium. It would help explain the increase in Hall carrier concentration observed for the heavily--doped sample at temperatures above 600 K [5] (See Supporting Information). A sudden increase in Hall carrier concentration as a function of temperature is the result of a combination of the thermodynamically driven process of sodium segregation to the interfaces and the kinetically driven diffusion-controlled migration of sodium atoms. The diffusion coefficient for sodium in PbTe indicates that it takes approximately two hours for sodium to diffuse 10 nm at 550K, whereas this time is reduced to 4 minutes at 600 K. The heating and cooling rates for the transport property measurements are much faster than the time required for samples to attain thermodynamic equilibrium at 550K and lower. However, it is possible for samples to reach equilibrium at temperatures at and above 600 K quickly. The observed jump at ~600K occurs due to rapid migration of sodium atoms with high thermodynamic driving force.
Dopant solubility
The nominal compositions of both lightly--and heavily--doped samples of PbTe0.65S0.25Se0.1 and the average measured compositions of the sulfur-rich precipitates and the tellurium--rich matrix are summarised in Tables II and III respectively. The measured compositions are consistent with those expected for the solid solutions of PbTe--PbSe (matrix) and PbS--PbSe (precipitates)
respectively. The proximity histogram across the precipitate/matrix interface for the lightly doped sample (Figure 2(c) ) indicates that the selenium concentration in the sulfur--rich precipitate is higher than that in the matrix. The atomic compositions of the phases presented in Tables  II  and  III higher than that of the matrices for both lightly-- and heavily--doped compounds while the sulfur concentration (~ 3.7 at%) is the same in both. These selenium results are in agreement with the pseudo--ternary phase diagram of PbTe--PbSe--PbS [36] , where it is shown that the selenium content in the PbS phase is higher than that in PbTe for the phase separated quaternary PbTe--PbSe--PbS systems. APT of a ternary PbTe--PbS system shows no tellurium in PbS precipitates [23] whereas, ~2 at.% tellurium is detected in sulfur--rich precipitates of the quaternary system, indicating that selenium enhanced the tellurium solubility in sulfur--rich precipitates.
For the lightly--doped sample, the sodium concentrations are ~0.60 at.% and ~0.2 at.% in the precipitates and the matrix respectively. For the heavily--doped sample, these levels increased to 2.9 at.% and 0.6 at.% in the respective phases. The maximum solubility of sodium in PbTe is 0.7
at.% at 600K but this is reduced to 0.2 at.% at 500 K [12] . Alloying of PbTe with PbSe increases the sodium solubility limit in solid solution PbTe--PbSe systems [37] . PbS is shown to have a higher solubility for sodium compared with PbSe and PbTe [13] . The matrix of the current study compound contained 8 at.% PbSe and 7 at.% PbS. The sodium concentration of the matrix in a ternary PbTe--PbS system that contains ~7 at.% PbS is measured to be 0.33 at.% [23] . This is lower than the 0.60 at.% detected in the quaternary system of the current study. The sodium content of precipitates reported for the ternary compound was ~3.5 at.% which is much higher than the 2.8 at.% found in the current quaternary system. This is direct evidence that PbSe alloying increases the sodium solubility of the matrix compared to PbTe. PbS precipitates in this study are alloyed with approximately 14 at.% PbSe. The latter has a lower solubility for sodium than PbS. The solubility of sodium in PbS is reported to be 2 at.% [13] .
However, the first--principles density functional theory (DFT) calculations of Na--doped PbS suggests the existence of an as yet unknown ternary compound within the Na--Pb--S system [38] .
The heavily--doped sample of the current study contains 2.9 at.% sodium, which is much higher than its reported solubility in PbS (2 at.%). We therefore used high--resolution TEM and carried out more detailed statistical analyses on the APT data to look for possible sodium--rich nanoprecipitates.
The bright field transmission electron microscopy (TEM) image of the heavily--doped sample (x = 0.03) in The nature of the interface between the PbS precipitates and the PbTe matrix was also investigated with high resolution TEM (HRTEM) (Figure 3(c) ). The image has been Fast Fourier Transform (average background subtraction (ABSF)) filtered to reduce noise and enhance the lattice contrast. The PbS precipitate shows periodic dark banding from the Moiré fringes evident within the precipitates in Figures  3(a--b) . The approximate position of the interface between the PbS and PbTe has been marked with aline. The dots indicate regions where the lattice planes are in phase. An edge dislocation in the PbS is marked with a 'T'. These accommodate the large (~ 7%) lattice mismatch strain between the two phases. No evidence was found for sodium--rich nanoprecipitates within either the matrix or the precipitate in our TEM analysis.
Nanoprecipitates have been observed in Na--doped PbTe at concentrations above 0.5 at.% [13] .
This confirms that the presence of selenium and sulfur in the quaternary Pb chalcogenides examined here increases the sodium solubility of the matrix. To search for possible Na clustering in the Te--rich matrix and S--rich precipitate, a recently developed APT statistical test (a point--by--point analysis [20] ) was used to analyze data from both lightly--and heavily--doped samples (Figure 4) . This approach was chosen over conventional binomial analysis [39] due to improved sensitivity for nanoscale features with relatively minor deviations from randomized data [40] . A Z--test was further applied to measure the standard deviation of the frequency at a particular bin. In the Z--score test, values within ± 3 confirm that the hypothesis is correct, meaning that the experimental data is random with a 99% degree of confidence. In both the lightly-- and heavily--doped samples (Figure 4) , the Z--score tests indicate
that the values are all within ± 3, suggesting that no Na clustering is present in either the Te--rich matrix or the S--rich precipitate, though it is partitioned between phases. 
Conclusions
The outstanding thermoelectric performance of sodium--doped nanostructured multiphase Pb chalcogenides is achieved as a result of a heterogeneous distribution of dopants between matrices and secondary phases. APT was utilized to map the elemental distribution between precipitates and matrices of nanostructured multiphase quaternary Pb chalcogenides at dopant concentrations below and above the solubility limit of the matrix. We have shown that the sodium content in precipitates is much higher than that in matrices and that dopant partitioning occurs between phases for both lightly--and heavily--doped compounds. Precipitates also contain a higher concentration of Se than the matrices. Non--equilibrium segregation of sodium is identified at the matrix/precipitate interfaces. The sodium concentration in the PbS--rich secondary phase reached 3 at.% without precipitation of Na--rich phases occurring, indicating sodium solubility in PbS is higher than previously thought (2 at%). Our detailed statistical analysis of APT data indicated complete solubility of sodium in the compounds with no Na--rich clusters identified. This was also supported by high--resolution TEM analysis. These results contribute to our understanding of the thermoelectric performance of multiphase compounds, providing useful information for designing thermoelectric materials with high efficiencies.
